This paper broadens the exponential utility function commonly used by risk-averse investors to the linear plus double exponential utility function, which is applicable in most cases. Thus it is of essential and supreme significance to conduct a research on its optimal investment portfolio in securities investment. This paper, by means of the non-difference curve method, carries out a research into the optimal portfolio decision-making by investors who have this type of utility function. The optimal decision-making and the ratio of optimal portfolio investment are derived. Finally, an actual case is given to verify the relevant results.
Introduction
In the portfolio investment of securities, each investor has his own utility function to express his satisfaction of the investment returns and tries to choose the optimal portfolio according to the principle of expected utility maximization. At the same time, most investors are rational risk-averse investors, that is to say, they will try to avoid relevant risk while seeking their returns. This paper broadens the exponential utility function widely used by risk-averse investors to the linear plus double exponential utility function, which expresses itself with U = k 1 + k 2 x − e −k3x − e −k4x . Here x denotes investment return, and k i > 0, i = 1, 2, 3, 4. The utility functions of negative exponential type, linear plus exponential type and double exponential type can all be regarded as its special cases [1, [7] [8] [9] , so it is of great importance to conduct a research on its optimal investment portfolio in securities investment.
First of all, let us examine the type of linear plus exponential utility function. Based on k i > 0, i = 1, 2, 3, 4, we can conclude that U = k 2 + k 3 e −k3x + k 4 e −k4x > 0 and U = −k 3 2 e −k3x − k 4 2 e −k4x < 0. For this reason, it is a riskaverse utility function. In most cases, when investors are about to choose a certain portfolio investment, they may take advantage of the linear plus exponential utility function in order to maximize the long-term return rate by maximizing the expected utility of each period. In this paper the non-difference curve method (from now on NDCM) is applied to carry out a research into the optimal portfolio decision-making of investment. It is organized as follows: in Section 2 we provide an introduction to the Mean-Variance Model suggested by Markowitz. In Section 3, we apply NDCM to explore the decision-making in optimal portfolio of the linear plus exponential utility function and obtain the optimal decision-making. The actual practice of the research conclusion is presented in Section 4. Conclusions and final remarks follow in Section 5.
The Mean-Variance model of markowitz
Early in the 1950s, the American Economist and Financier H. Markowitz proposed his Portfolio Investment Theory, which was regarded as the theoretical foundation when solving such problems. His theory suggests that investors will determine the optimal portfolio with the purpose of enhancing their returns and reducing the risk. It is on this particular basis that Markowitz established his well-known Mean-Variance Model [2] .
Suppose there are n kinds of securities, whose prices at the current moment (t = 0) are S 10 , S 20 , . . . , S n0 , and at a future moment S 1 , S 2 , . . . , S n . Denote
where x i is the logarithm return rate of the ith security during the period from the time t = 0 to t = T , X is the vector of logarithm return rate of all these n kinds of securities. In the two formulas, S 10 , S 20 , . . . , S n0 are known constants, and S 1 , S 2 , . . . , S n are random variables, so x 1 , x 2 , . . . , x n are random vectors and X is a random vector. The return expectation and covariance matrix are represented respectively by the two formulas
Let ω i (i = 1, 2, . . . , n) denote the investment proportion of the ith security, ω n×1 = (ω 1 , ω 2 , . . . , ω n ) T , e n×1 = (1, 1, . . . , 1) T and the investment proportion must fulfill the condition ω T e = 1. The investor's return R = ω T X is one random variable. The expectation return and variance of R are r = ER = ω T μ and σ 2 = Var(R) = ω T Σω, respectively. The major concern of Markowitz's Mean-Variance Model is the problem of constrained extreme value:
(1) Under the condition of ω T μ = r 0 , figure out ω to minimize the risk, i.e. to minimize Var(ω T X) = ω T Σω. (2) Under the condition of ω T Σω = σ 2 0 , figure out ω to maximize the return, i.e. to maximize ω T μ.
Obviously the two problems are equivalent, and we choose to examine the former. So it boils down to a mathematic problem: to figure out the minimum of ω T Σω under the condition ω T e = 1 and ω T μ = r 0 .
And then we can get the optimal portfolio investment proportion:
and the corresponding variance is
which we define it as the efficient frontier of the investment portfolio, where
3. The study of portfolio investment with linear plus double exponential utility function
Solution to its EU
Here we take the hypothesis that investment returns follow a Guass distribution N (r, σ 2 ), and r, σ 2 are defined as before. The density function of Guass distribution is
and hence the expectation of the linear plus double exponential utility function is
Non-difference curve
As this type of utility function is averse to risk, we may employ NDCM in the field of investments for a possible solution. According to NDCM theory [3] [4] [5] [6] , nondifference curves (actually a set of equivalent utility curves) indicate the investor's preference when faced with the two alternatives. So we adopt the r − σ 2 coordinate system, in which the horizontal axis represents risk with the deviation σ 2 to measure it, and the vertical axis represents return with the expected return r to measure it. Each investor has his own non-difference curve to indicate his preference for expected return and deviation. The investor's non-satisfaction and riskaverseness lead to this effect: the risk-averse non-difference curve tilts upper right as a downward convex. Besides, the utility of the non-difference curve family is increasing from bottom to top. So the EU of linear plus double exponential utility function are one family of non-difference curves.
The construction of optimal decision-making model
According to the principle of the Mean-Variance Theory, the optimal portfolio is the cut-off point of one non-difference curve with the efficient frontier curve. We may construct the following model:
as shown in Figure 1 . 
The solution of optimal decision-making
Now we conduct a specific analysis of the above mentioned model. If we put efficient frontier σ 2 into expectation utility EU , then we will get
We must figure out the maximum of the expected utility and its optimal proportion. As k i > 0 (i = 1, 2, 3, 4),
the expected utility EU has its maximum. Let dEU dr = 0. Arrange it and get
If we suppose the right side of the equation to be z(r), then we can conclude that z can be zero, i.e. the equation z = 0 has its root,then
Obviously, the left side of the above equation must be larger than zero, then
Then we can discuss the solution of the quadratic inequality as follows:
· Therefore, we can draw such a conclusion:
Then we discuss the solution of equation (6) in the above mentioned interval.
(1) When k 3 > k 4 , equation (6) becomes
· Take the logarithms of both sides of the equation and get
) Firstly, we examine the solution of equation (3.6 ). If we let the left side be y 1 and the right side be y 2 , then y 1 is a parabola with upward openings, whose symmetry axis is r = B A + Figure 2 . (2) When k 3 
Firstly we examine the solution of equation (3.7). Let the left side be y 3 and the right side be y 4 . Then y 3 is a parabola with downward openings, whose symmetry axis is r = B A + Figure 3 . Therefore, we can conclude that there must be one root of equation. Moreover, we can also prove that So z is increasing and can come to zero, and as k 2 > 0 is one horizontal line, equation (5) is bound to have one root, i.e., we can get the expected return r which maximizes EU . However, the equation is not a normal equation, so we fail to find its analytical solution. Thus we may try the numerical method for the solution. After gaining the expected return r, we can get its optimal investment proportion according to Formula (1) in the Mean-Variance Model.
Actual application
Suppose there are five kinds of securities. Their expectation return is μ = (0.208 0.353 0.262 0.167 0.318) T , and their covariance matrix of the return rate is From these data, we can get A = 46.5979, B = 9.6042, C = 2.1580, Δ = 8.3204.
General case
When k 2 = 0 and k 3 = k 4 , without loss of generality, let k 1 = k 2 = k 3 = 1 and k 4 = 2, the utility function then becomes
and we can come to its expected utility function expressed as follows: 
Case 2. Linear plus exponential utility function
Under the condition of k 2 = 0, and either k 3 or k 4 is equal to 0, then the utility function becomes the linear plus exponential utility function [8] . Without loss of generality, let k 1 = 1, k 2 = 1, k 3 = 1, k 4 = 0, then the function becomes U = 1 + x − e −x , and we can get its expected utility function is 
Case 3. Exponential utility function
Without loss of generality, under the condition of k 1 = 1, k 2 = 0, k 3 = 1, k 4 = 1, the utility function becomes the exponential utility function U = 1 − 2e −x [9] , and we can obtain its expected utility function is EU = 1 − 2 exp −r + 46.5979r 2 − 19.2084r + 2.1580 16.6408 · After this, we can get its maximum point r = 0.3847 with non-constraint nonlinear programming model, and then get the optimal proportion based on Formula (2.1): ω = (0.0401, 0.7455, −0.3308, −0.2390, 0.4574) T .
Conclusions and final remarks
By employing NDCM, we have figured out the solution to the optimal decisionmaking of investors who apply the linear plus double exponential utility function. Moreover, we have obtained the optimal portfolio investment proportion. Meanwhile, there are still some problems for further exploration. For example, we take the hypothesis that the investment returns follow a Guass distribution, which is just a theoretical assumption. As a matter of fact,the investment returns just approximately follow a Guass distribution and even sometimes it may be very far from Guass distribution. Additionally, the parameters in the utility function call for more statistical data for fitting. We still need to make more efforts on these problems for solutions.
